Abstract-Localization and wheel slip estimation of a skidsteered mobile robot is challenging because of the complex wheel/ground interactions and kinematics constraints. In this paper, we present a localization and slip estimation scheme for a skid-steered mobile robot using low-cost inertial measurement units (IMU). We first analyze the kinematics of the skid-steered mobile robot and present a nonlinear Kalman filter (KF)-based simultaneous localization and slip estimation scheme. The KF-based localization design incorporates the wheel slip estimation and utilizes robot velocity constraints and estimates to overcome the large drift resulting from the integration of the IMU acceleration measurements. The estimation methodology is tested and validated experimentally with a computer visionbased localization system.
I. INTRODUCTION
Skid-steering is a widely used locomotion mechanism for mobile robots. The absence of the steering system of a skidsteered mobile robot, such as the one shown in Fig. 1 , makes the robot mechanically robust and simple for outdoor navigation. Due to varying ground surface conditions and wheel/ground interactions, it is challenging to obtain an accurate kinematics and dynamic model for skid-steered mobile robots. Dead-reckoning using wheel encoder measurements or global positioning systems (GPS) are the major techniques to localize a mobile robot. However, the accuracy of the dead-reckoning technique suffers when there is a large wheel slip. For example, for terrain navigation robots, such as Mars Exploration Rovers, large (even 100%) wheel slips have been observed [1] . GPS also suffers signal robustness, availability, and accuracy issues. IMU-based localization can be used for robots. However, such a localization method has to be used combining with other measurements, such as wheel encoders or GPS, to overcome the drifting issue due to the numerical integration of biased measurements.
Wheel slip is typically defined as the ratio of the relative velocity of the wheel contact point and the wheel velocity. Wheel slip plays an important role for not only localization and motion planning but also control of skid-steered robots. For skid-steered mobile robots, lateral velocity along the wheel rotating axis is allowed and the typical zero-velocity nonholonomic constraint for other types of robots, such as unicycle or car-like robots, is no longer valid. If the wheels on each side of a skid-steered robot are running at the same angular velocity, the robot behaves similar to tracked vehicles. Because of this similarity, methods of modeling tracked ground vehicles have been utilized for skid-steered mobile robots. For example, Song et al. [2] use the kinematics of tracked vehicles in [3] to estimate wheel slip using a sliding-mode observer design. Because of the difficulty to accurately capture the skid-steering, Anousaki and Kyriakopoulos [4] use an extra wheeled trailer to experimentally study the kinematic relationship for SLAM applications. It is concluded that a kinematic model for an ideal differential-driven wheeled robot cannot be used for skid-steered robots. In [5] , a slip-based adaptive trajectory tracking control system is designed for skid-steered robots.
Using inertial devices, such as IMU, to localize a mobile robot has been studied during the last decade. It is wellknown that directly integrating acceleration measurements to obtain position information is problematic due to bias or noise measurements in IMU signals. In [6] , [7] , reduction of the odometry of the skid-steered robots are discussed for dead-reckoning applications using encoder and motor current measurement information. In [8] , localization of a tracked vehicle is presented based on kinematic models provided in [9] - [11] . In [12] , an IMU-based wheel slip detection scheme is designed for a unicycle-like mobile robot using an extended Kalman filter (EKF) with or without GPS measurements. In [13] , [14] , velocity constraints, such as zero lateral velocity, are considered to integrate with an EKF or information filter to enhance the localization of the autonomous ground vehicles in the urban area. GPS and wheel encoder measurements are used as input information for the EKF design. Wheel slip is however not considered in the EKF design.
In this paper, we extend the design in [14] to localize skidsteered robots. We present a low-cost IMU-based localization and slip estimation scheme for skid-steered mobile robots. The study in this paper complements the design in [5] to obtain the wheel slip information using an on-line KF-based estimator and low-cost IMU devices. Based on the robot kinematic models, we consider three velocity constraints and estimates in the robot frame to facilitate the on-line Kalman filter design. The slip estimation is also incorporated into the KF design in real time. The proposed localization and wheel slip estimation methods are experimentally tested and validated using a computer vision-based positioning system.
The contributions of this study are two-folds. First, we incorporate the wheel slip estimation into the robot localization scheme and therefore improve both localization and slip estimation accuracy simultaneously. To our knowledge, most dead-reckoning-based robot localization work do not consider the wheel slip. Second, we present a low-cost IMU-based localization and slip estimation scheme for skidsteered robots. Such an on-line estimation scheme allows us to further develop a slip-based robot control system that can be used in varying ground surface conditions [5] .
The remainder of this paper is organized as follows. In section II, we discuss the kinematic modeling of a fourwheel skid-steered mobile robot. Section III presents a nonlinear KF-based localization and slip estimation design. Experimental results are presented in section IV. Finally, we conclude the paper in section V. Fig. 2 shows the kinematic schematic of the skid-steered robot. Without loss of generality, we consider the following modeling assumptions: (1) the mass center of the robot is located at the geometric center of the body frame 1 , (2) there is point contact between the wheel and the ground, (3) each side's two wheels rotate at the same speed. and (4) the robot four-wheels are always in contact with the ground surface. respectively. From the above assumption, we have
II. SKID-STEERED ROBOT KINEMATIC MODELS
Denote the velocities of wheel centers as v i , i = 1, · · · , 4, for front-left, front-right, rear-left, and rear-right wheels, respectively. The velocity of the robot mass center is denoted by v G . We define a fixed inertial frame I (X, Y, Z) and a robot body frame B (x, y, z) as shown in Fig. 2 . The pitch angle (around x-axis), roll angle (around y-axis), and yaw angle (around z-axis) are denoted as θ, φ, and ψ, respectively. We also denote the longitudinal and lateral wheel bases as L and W , respectively, as illustrated in Fig. 2 . Given the robot mass center velocity v G (in the body frame B) and yaw rateψ, we calculate the wheel center velocity along the y-axis for left-and right-side's wheels as
For the IMU located at (x M , y M ) in the body frame B, we obtain the IMU velocity v M in the robot body frame B as
We define the longitudinal wheel slips λ i as
where r is the effective wheel radius and
For left-and right-side's wheels, the wheel slips satisfy
due to the robot operating assumption. It is also observed that wheel slip λ ∈ [0, 1] if the wheel is under traction and λ ∈ (−∞, 0] if the wheel is under braking. In order to constrain the slip calculation within the magnitude of one, using the same treatment as in [9] , we take λ = −1 if λ < −1 under the braking case. Therefore, we consider the wheel slip λ ∈ [−1, 1]. We denote the instantaneous center of rotation (ICR) of the left-side wheel contact points, right-side wheel contact points, and the robot body as ICR l , ICR r , and ICR G , respectively. It is known that ICR l , ICR r and ICR G lie on a line parallel to the x-axis [8] , [11] , [15] . We denote the x-y coordinates for ICR l , ICR r , and ICR G as (x l , y l ), (x r , y r ), and (x G , y G ), respectively. We find that the y-coordinate S of the ICRs satisfies the following constraints [8] , [15] .
It is straightforward to calculate the transformation relationship from the body frame B to the inertial frame I given by the following orthonormal matrix.
where c θ = cos θ, s θ = sin θ, and the same notation for other angles φ and ψ. Let us denote the position and velocity vectors of the IMU in the inertial frame I as P I ∈ R 3 and V I ∈ R 3 , respectively. Denote the measured acceleration in the body frame B by the IMU as A B ∈ R 3 . We obtain the following kinematic motion equations for the IMU on the robot.
where
g is the gravitational constant, and
T is the IMU measurement noise along x, y, and z axes, respectively.
The kinematic models given by Eqs. (8a) and (8b) describe the relationship between position vector P I and velocity vector V I in the inertial frame I, and acceleration measurements A B in the body frame B. In the next section, we discuss how to obtain the velocity estimates and motion constraints and KF design.
III. CONSTRAINED KALMAN FILTER DESIGN

A. Velocity estimates and constraints
We consider the robot velocity estimates and constraints in the body frame B. Since the robot's four wheels are always in contact with the ground, it is straightforward to obtain the following velocity constraint for the IMU device in the z direction.
v Mz = 0.
For the IMU longitudinal velocity v My , we obtain an estimate as follows. Using the definition of the slip in Eq. (5),
Using the wheel encoder reading and the slip estimation, we calculate the IMU longitudinal velocity in the body frame v My by Eq. (10). Since the calculation of wheel slips λ L and λ R is dependent on the values of the wheel translational velocity estimates, we need to enforce a bound on slips λ L and λ R in Eq. (10) to ensure a stable KF design. Notice that if ω L ≤ ω R , the robot turns left and the wheel slips satisfy λ L ≤ 0 and λ R ≥ 0 due to the robot kinematics. Similarly, we obtain that if ω L > ω R , then λ L > 0 and λ R < 0. Therefore, we modify Eq. (10) as
For the lateral velocity v Mx , from Eqs. (4) and (6), we obtain
In order to estimate the lateral velocity, we have to estimate the y-axis coordinate S of the instantaneous rotation centers.
First, we consider the dependency of S on ground surface conditions. Fig. 3(a) shows robot trajectories on three different ground surfaces, namely, concrete, tile, and sand, with constant wheel velocities ω L /ω R = 140/60 rpms. Fig. 3(b) shows the calculated values of S on these three ground surfaces. It is observed that the value of S does not change significantly due to different ground surface conditions. Therefore, the value of S is considered independent of the ground conditions. We then estimate the value of S on the same ground condition with various wheel velocity combinations. To facilitate the discussion, we introduce a non-dimensional variable γ as the ratio of difference and sum of left-and right-side's wheel angular velocities, namely,
where λ ω = ωR ωL is the ratio of right and left sides' wheel angular velocities. The value of S is considered as a function of variable γ. If ω L = ω R , γ = 0 and S is a finite value due to the non-zero lateral velocity of mass center G [8] . If ω L = −ω R , γ → ∞ and S = 0 since the robot is rotating about G without any translational motion. Therefore, we approximate the function S(γ) as
where the coefficients a i , i = 1, 2, 3, are determined by curve-fitting the experimental data. We have run several experiments with various wheel velocity combinations (we choose ω L ≥ ω R so that γ ≥ 0) on both concrete and sand road surfaces. We calculate S using the computer vision-based localization system (we will describe the experiments in Section IV-A). Fig. 4 shows the experimental data and the data-fitted curve. Numerical values of parameters a 1 = 5.39 cm, a 2 = 0.77, and a 3 = 0.16 are obtained using a nonlinear least-square algorithm for the function given in Eq. (13) . Note that if γ < 0, i.e., ω L < ω R , we can take a similar S curve as shown in Fig. 4 . We use S(γ) given in Eq. (13) to approximate the estimate of the lateral velocity v Mx in Eq. (12) .
With the IMU velocity constraints and estimates given by Eqs. (9), (11) and (12), we are now ready to design a KFbased localization and slip estimation scheme. 
B. Nonlinear Kalman filter design
We obtain an estimate of pitch, roll, and yaw angles by directly integrating the accurate angular rate measurements from the IMU. Therefore, we assume that we know these attitude angles and the transformation matrix C I B given in Eq. (7) is then calculated.
We consider the IMU velocity V B in the body frame as the measurement vector z for the KF design, namely,
Here z is obtained using Eqs. (12), (11) and (9) . Considering the measurement noise and ground topography, we modify Eq. (14) as
where w 2 represents the estimation and constraint variations that are defined later in this section. We define a state variable X = [P I V I ] T ∈ R 6 and re-write the motion equations (8) and (15) in a discrete-time form according to the IMU data sampling period as
I n is the n × n identity matrix, and ΔT is the IMU datasampling period. We assume that measurements noise w 1 and w 2 are independent and white, i.e. − 1) ) and a correction step (X(k|k)) recursively as follows.
The above KF estimation design is not linear in the state variable X(k). The velocity estimate V I at the kth step is used to calculate wheel slips λ L and λ R (Eq. (11)) at the (k + 1)th step for KF measurement update. Since wheel slip calculation is highly nonlinear in IMU velocity
T V I , the KF design is indeed a nonlinear system in the state variable V I . We have experimentally noticed that if we use the non-constrained slip calculation for longitudinal velocity v My in Eq. (10) instead of the constrained one in Eq. (11), the output of KF estimation is unstable due to such a nonlinear feedback of wheel slip calculation. The stability issue of the nonlinear KF design is currently under investigation.
We have also noticed that the accuracy of the S(γ) estimate is secondary compared with the importance of introducing such a velocity estimate as one KF measurement in Eq. (14) . For example, if the robot is running at the same wheel velocity, the output trajectory of the KF design using only longitudinal and vertical velocity estimates and constraints is not satisfactory due to the noise in the lowcost IMU devices. Adding a lateral velocity estimate given by Eqs. (12) and (13) into z of the KF design significantly increases the KF output accuracy.
IV. EXPERIMENTS
A. Experimental systems
We have built an on-board sensor suite on the skid-steered mobile robot shown in Fig. 1 . We use a low-cost IMU from Microstrain Inc. for attitude measurements and a 3-axis accelerator from Sentera Technology Inc. The optical wheel encoder reading and four-wheel motion control are implemented on a real-time system from Acroname Robotic Inc. The control system is a two-level hierarchy: the control algorithm and Kalman filter design are located in the onboard laptop system and the PID-based motor control is located at the low-level real-time system.
The attitude information is obtained through the integration of the angular rate measurements from IMU at a frequency of 100 Hz. The encoder reading is obtained at a frequency of 4 Hz. The KF-based localization and slip estimation scheme is updated at a frequency of 125 Hz. The PID motion control algorithm is updated at 16 Hz. A computer vision-based localization system is employed to provide the robot's absolute position information in all experiments. The output of the computer-based localization system is taken as a benchmark to compare and validate the proposed localization and slip estimation scheme. Here we do not compare the results with the localization information by directly integrating the acceleration measurements since such an integration results drift significantly away from the true trajectory. Instead, we compare the KF-based localization schemes using three different sets of measurements respectively. These measurement sets are: (1) the vertical velocity v Mz constraint given by Eq. (9) and the longitudinal velocity estimate without considering the wheel slip, (2) both the vertical velocity constraint and longitudinal velocity estimate with the wheel slip feedback, i.e., Eq. (11), and (3) all three-dimensional velocity constraints and estimates with the wheel slip feedback. From Fig. 5 , we observe that the first scheme has a large error (blacktriangular line). By considering the wheel slip estimation, the localization results improve significantly (dash and dashdot lines in Fig. 5 ) and the estimated trajectories are close to the true trajectory. Fig. 6 shows the robot velocities in the body frame B and the localization errors. Again, we consider the KF design under the aforementioned three cases. Fig. 6(a) shows the localization errors and Fig. 6(b) shows the estimated velocity comparisons with the vision-based results. Using three-dimensional velocity constraints and estimates and incorporating wheel slip estimation into the KF design reduce the localization error significantly (Fig. 6(a) ). The estimated velocities in such a scheme are close to their true values (Fig. 6(b) ). The cyclic pattern of the localization errors shown in Fig. 6(a) comes from the data-recording timing difference between the vision and on-board IMU systems. We believe such a system error can be further reduced by synchronizing the vision and on-board computer systems.
B. Experimental results
We also compare the KF-based slip estimation under various wheel angular velocity combinations. Figs. 7(a) and 7(b) show the slip estimations for the wheel velocity combinations ω L /ω R = 140/40 and 120/80 rpms, respectively. We plot the computer vision-based slip information in each case for comparison purposes. We choose these wheel velocity combinations because such combinations represent a decreasing wheel slip trend. For example, if the robot runs at ω L /ω R = 120/80, then wheel slips are smaller (Fig. 7(b) ) than those at ω L /ω R = 140/40 (Fig. 7(a) ) since the robot needs a small traction force to overcome the wheel resistance at a larger radius turn. The slip estimation results shown in Figs. 7(a) and 7(b) clearly demonstrate such a decreasing trend and the IMU-based slip estimates match the visionbased slip calculation very well.
V. CONCLUSION
Skid-steered mobile robots are used widely for robotic navigation applications. Modeling and localization of skidsteered robots are challenging due to the complex robot dynamics and wheel/ground interactions. In this paper, we present a nonlinear KF-based simultaneous localization and slip estimation scheme for skid-steered robots. The proposed localization and slip estimation scheme uses only the onboard low-cost IMU devices and wheel encoder measurements. Comparing with the dead-reckoning-based localization approach, we incorporate the wheel slip information as feedback measurements into the KF design and therefore improve the accuracy of both localization and slip estimation. Moreover, we fully utilize the robot lateral velocity information in the KF design by taking advantage of the kinematic modeling of skid-steered robots. Such a treatment further improves the estimation accuracy. The localization and slip estimation design is tested and validated experimentally with a computer vision-based positioning system. Integration of the slip estimation scheme with the slip-based robot controller is also under the current development and we will report the new developments in the near future. 
